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Recently it was claimed that QCD condensates were associated with the internal dynamics of 
the hadrons. We challenge this "in-hadron" picture of the QCD condensates and show that it 
conflicts well established concepts and experimental facts for the example of the quark condensate. 
We explicitly demonstrate the vacuum nature of the quark condensate by a model calculation. 
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INTRODUCTION 



THE QUARK CONDENSATE AS PROPERTY OF 
THE QCD VACUUM 



At low energies and baryon densities quantum chromo 
dynamics (QCD) is in the confined phase where chiral 
symmetry is spontaneously broken while at high temper- 
ature or density the quarks and gluons form a correlated 
plasma in which chiral symmetry is restored. The vari- 
ous phases of QCD are characterized by order (and disor- 
der) parameters. These order (and disorder) parameters 
are vacuum expectation values of certain gauge invariant 
products of quark and gluon operators and are usually 
referred to as condensates. The most prominent ones 
are the quark condensate (qq) and the gluon condensate 
(F^ U F^). These condensates play an important role in 
the operator product expansion where they incorporate 
the vacuum properties and they are central to QCD sum 
rule calculations. 

In in a series of papers [j], Q it was recently argued 
that the strong interaction condensates like the quark 
and gluon condensate are not properties of the QCD vac- 
uum but instead associated with the internal dynamics 
of hadrons. To substantiate this interpretation the au- 
thors of those papers allude to the light front formula- 
tion of spontaneous breaking of chiral symmetry Q and 
the description of hadrons in terms of Dyson-Schwinger 
and Bethe-Salpeter equations 0-0- This interpretation 
has far reaching consequences. If the quark and gluon 
condensates are not properties of the QCD vacuum but 
of the hadrons they do not contribute to the cosmologi- 
cal constant while a naive (unrenormalized) inclusion of 
the condensates would result in a cosmological constant, 
which is about a factor of 10 56 larger than the currently 
accepted value. 

In this paper we provide strong arguments that in- 
validate the interpretation of the QCD condensates as 
"in-hadron" properties as proposed in ref. [H, • In ad- 
dition, we will present a model calculation that clearly 
shows that the translationally invariant quark conden- 
sate is a vacuum property. However, this condensate is 
strongly distorted inside the hadrons. 



Low energy hadron physics is dominated by chiral dy- 
namics. The concept of approximate chiral symmetry for 
the light quark flavors, being spontaneously broken in 
the ground state with the pseudoscalar mesons, like pi- 
ons and kaons, identified as Goldstone bosons, has been 
overwhelmingly successful. The order parameter of chiral 
symmetry breaking is the quark condensate: It is non- 
zero in the chiral symmetry broken phase and vanishes 
(for massless quarks) in the chirally symmetric phase. 
For the moment let us assume that the picture of "in- 
hadron" condensates put forward in ref. l|, Q were cor- 
rect, i.e. {qq) ^ inside the hadrons and (qq) = out- 
side. This would imply that chiral symmetry is sponta- 
neously broken only inside the hadronfQ, while the exte- 
rior of hadrons is in the chirally symmetric phase. Con- 
sequently the corresponding Goldstone boson, the pion, 
could exist only inside other hadrons. Outside the light- 
est particle with pion quantum numbers would be mas- 
sive and degenerate with the a. This, of course, contra- 
dicts the experimental observation. The pion is measured 
outside the hadrons with a light mass (for example in a 
bubble chamber). For an additional counter-argument 
consider nuclear matter as an ensemble of hadrons. If chi- 
ral symmetry were spontaneously broken only inside the 
hadrons then there would be no reason why this symme- 
try is restored when the density of baryons is increased. 
If the condensates were indeed hadron properties, their 
universal character could not be sustained, no mecha- 
nism would prevent them to depend on the peculiarities 
of the considered hadron. Furthermore we recall recent 
indications Q that at high density a so-called quarky- 
onic phase of baryonic matter exists where quarks and 
gluons are still confined but chiral symmetry is restored. 



1 We still believe in the general theorems of thermodynamics that 
strict spontaneous symmetry breaking requires an infinite volume 
but to analyze the arguments of ref. Qj, |^| let us, for the time 
being, assume that spontaneous symmetry breaking could take 
place in a finite volume. 
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It is thus very unlikely that confinement restricts chiral 
symmetry breaking to the interior of hadrons. The dis- 
cussion in ref. Q does, unfortunately, not illuminate the 
specific manner in which confinement would trigger such 
a restriction. The mere feature that condensates are ex- 
tracted from hadron properties seems irrelevant. This is 
true for other global quantities and external fields. 

The above considerations of empirical facts strongly 
suggest that the interpretation of condensates as hadron 
properties is invalid. And indeed, currently accepted 
baryon models manifest the opposite picture. The quark 
condensate is non-zero outside the baryon while it van- 
ishes or is, at least, substantially reduced inside the 
hadrons, i.e. chiral symmetry is spontaneously broken 
outside the hadrons and at least partially restored inside. 
To investigate condensates as eventual hadron proper- 
ties, the model must allow for a localized description of 
hadrons. We will present such a model calculation in the 
next section. 

The authors of ref. 0, 0] also refer to the superconduc- 
tor to support their interpretation that the condensates 
are confined to a finite volume. Of course, an actual su- 
perconductor has a finite volume. However, compared 
to the characteristic wave length of the electrons in the 
superconductor the latter can, of course, be considered 
as infinitely extended. The superconductor is actually 
a quite realistic analog to the QCD vacuum. In fact, 
there is lattice evidence Q that confinement is realized 
by the dual Meissner effect implying that the QCD vac- 
uum represents a dual superconductor. In this analogy 
the occupied electron levels below the Fermi surface cor- 
respond to the occupied quark levels of the Dirac sea. 
Usually the electron (cooper-)pair condensate is spread 
out through the whole superconductor and external mag- 
netic fields arc expelled by the Meissner effect. If, how- 
ever, an external magnetic field is applied to a type II 
superconductor and the field strength exceeds a certain 
critical value the magnetic field can penetrate the super- 
conductor in form of magnetic vortices (flux tubes). At 
the position of the vortices the superconducting phase is 
destroyed and the U(l)-symmetry is restored. The mag- 
netic vortices have the same effect on the superconductor 
as the valence quarks on the QCD vacuum: Their pres- 
ence causes a local restoration (at least partially) of the 
symmetry that is spontaneously broken in the vacuum. 

From the above given arguments and the model calcu- 
lations presented below we conclude that the QCD con- 
densates are indeed vacuum but not hadron properties. 



A MODEL CALCULATION 

The quark condensate can be obtained from the func- 
tional 



(qq) := 



J D[q}D[q}qqcxp(lA) 

J* -C exp(iA) 



with A = A\q, q] being the underlying action of the quark 
field q. 

Model definition Here we will utilize the Nambu- 
Jona-Lasinio (NJL) model for the quark flavor dynam- 
ics llOl a nd consider the soliton picture for baryons, see 
refs. [ll|, [l2| for comprehensive reviews on these topics. 



The two-flavor NJL model for the quark flavor dynamics 
contains chirally invariant scalar and pseudoscalar self- 
interactions 



£njl = q{i$ - m )q 



a=0 



q^q 



(2) 



In this model G is the strength of the quark self- 
interaction and mo refers to the (small) current quark 
mass matrix. We assume two light flavors (g = (u, d)) so 
that 71,2,3 are the Pauli matrices and To = 1. The model 
can be bosonized by standard functional methods result- 
ing in an effective theory for scalar (S) and pseudoscalar 
(P) matrix fields. This yields 

J D[q]D[q]exp (i J d 4 x£ ml )j = J D[S]D[P] cxp (U B ) 

(3) 

with the bosonized action 

Ab= 4G~J d4xtTF ^ S _ m ° )2 + P ^ 

-iTr A log[^-(5 + i 7 5P)] • (4) 

In the above expression Tr includes the discretized trace 
over flavor, color and Dirac indices as well as spatial in- 
tegration. Its subscript indicates rcgularization of the 
quarticly divergent functional. The gluon exchange of 
QCD is modeled by the quark self-interaction, that does 
not depend on the color charge of the quarks. Hence the 
color trace merely produces a factor Nc- 

We evaluate the path integral, eq. <j3j> in the saddle 
point approximation. That is, we consider the meson 
configuration (S sp ,P sp ) that minimizes the action, Ab, 
subject to a prescribed baryon number. In this frame- 
work cq. (p} reads 



(qq) 



(5) 



(i) 



jD[q]D[q] qq exp (iA sp ) 
J D[q]D[q]exp(iAs P ) ' 

with the saddle point action 

A sp = J d i xq[i$ - (S sp + ij 5 P sp )]q 

/ d 4 xtr F [(S sp - m ) 2 + P s 2 p ] - A a . (6) 

We have subtracted a counterterm, Ao , such that the sad- 
dle point action (density) vanishes for the vacuum config- 
uration of the meson fields. In the language of Feynman 
diagrams Aq is the fermion loop without external legs. 
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As in any flat -space field theory it is purely kinematical 
and dispensed of any dynamics. Similarly to the local in- 
tegral it exactly cancel^] in the ratio, eq. ([5]). Standard 
functional techniques yield 

(?<?) = Tr A log [i@ -J - (S sp + i^ 5 Ps P )] } ■ 

J ~° (7) 

In what follows we will omit the subscripts for the saddle 
point approximation. 

Since the scalar fields couple to qr a q, we do not have 
to take the detour, eq. ([?]) ■ of introducing an external 
source but may directly compute 

= s^-{ t ^Alog [i? -(S + i l5 P)} } . (8) 

Vacuum and meson sector The ground state of the 
model is obtained from the variational principle Jj^p = 0. 
Symmetry arguments require the ground state to be fla- 
vor symmetric and homogenous, (S) = ml, and (P) = 0. 
Since any non-zero vacuum expectation value of the 
scalar field provides mass for the fermions, to is called 
the constituent quark mass. The variation with re- 
spect to the scalar field 5*11 results in the gap-equation 
m = mo — 2G(uu)v that embodies the vacuum up-quark 
condensate which upon proper time rcgularization (lo| 
becomes 



{UUjy 



Ng 

~4tt 2 



m'ri-i,— 



(9) 



Of course, isospin symmetry yields (uu)v = (dd)y. Pion 
properties are determined by expanding the action to 
quadratic order in P. The pole condition for the result- 
ing propagator relates the model parameters to the pion 
decay constant and the pion mass fioj 



,2 2^C 







1 , „/ rn 2 — x(l — x)m 2 \ 

dxrfo, l A2 ; * ) 



and 



2 y2 



mo to 
G 



Then the gap-equation can be framed as 

N c m 4 ™ 2 



mo 



1 



r -l. 



m 
A 2 " 



(11) 



(12) 



Given a value for the constituent quark mass to, the equa- 
tions (fl~0|) . (fTTj) and (fl~2|) determine the model parame- 
ters from f n = 93MeV and m n = 135MeV. In turn, the 



quark condensate is computed from equation (|9|). The 
above equations refer to the physical case of non-zero 
pion mass. The chiral limit too — > can be smoothly ap- 
proached. Then eq. (fTT|) is trivially fulfilled and eq. (fT2|) 
turns into m = (N c m 3 /2tt 2 ) GT(-1, to 2 /A 2 ), fixing the 
coupling G for given values of m and A, cf. eq. (|TU)) . 

In this treatment pions are considered as plane waves. 
Constructing localized objects as a wave-packet does not 
alter any of the above equations. In particular, the con- 
densate, eq. ([9]) remains translationally invariant. 

Baryon as soliton The soliton picture for baryons is 
well established and successful [Hj]. For the current ob- 
jective it is particularly attractive because the large Nc 
expansion^! establishes a framework to consider baryons 
as localized objects that avoids the introduction of wave- 
packets. The solitons of the NJL-model are discussed 
at length in ref. . They arc static configurations of the 
matrix fields S and P and give rise to a stationary Dirac 
Hamiltonian, h with single particle energy eigenvalues 
e„. From these the static energy functional is obtained 
as El, 



E F =N c 6{e v&l )e 



val 



N c 
4^ 



E 



(13) 

again, for proper time regularization. The valence level 
(val) is the state of largest binding due to the static back- 
ground (soliton) field. If its energy is positive, explicit 
occupation provides baryon number. Otherwise, the po- 
larized vacuum carries the baryon charge. The valence 
quark contribution is fully contained in Ab since the pre- 
scribed baryon number determines the sum of the oc- 
cupation numbers that occur in the computation of the 
functional integral, eq. ([3]) IJJ, |l6( . Minimizing the total 



energy singles out the level of largest binding. 

For simplicity, and to avoid the subtle issue of scalar 
instabilities in this model, we consider the hedgehog con- 
figuration on the chiral circle. This results in the Dirac 
Hamiltonian 

h = a ■ p + m/?[cosO(r) + ij^f ■ f sinO(r)] . (14) 

The chiral angle O(r) self-consistcntly minimizes the to- 
tal energy functional 

/•oo 

E[Q] = E F + ^mlfl / drr 2 [1 - cos(9(r))] . (15) 

The soliton can also be constructed in the chiral limit. 
No qualitative differences emerge flj| . 

Similar to the vacuum sector we find the quark conden- 
sate from a functional derivative of the action (energy) in 



2 In the current saddle point approximation this cancellation oc- 
curs inevitably in contrast to its innuendo as a mathematical 3 Here we omit subleading contributions. They arise from fluctu- 



mistake in ref. Il3ll . ations about the soliton. 
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the baryon number one sector. Assuming formally that 
cos9 and sin9 are independent fields, the condensate in 
the soliton (baryon) background is obtained from ' 
to be 



<5cos© 



Nc_ j dM( 



-in 



I^ sig n(e,)erfc(^) ¥ v (f)^ v (r)} . (16) 



The additional factor ^ arises because the functional 
trace from which E-p , eq. (fT3"]) is extracted includes isospin 
and (uu)s = (dd)g in leading order of the 1/Nc expan- 
sion. The computation of (uu) s in this model is not fully 
new (c/. refs. in [l5| and [I3])- Here we particularly 
focus on its relation to the vacuum sector. 

The relative simplicity of the expressions for the quark 
condensates, eqs. ((9|) and (fT6"| make this model a per- 
fect candidate to examine recent ideas on condensates as 
hadron properties P, Q • 

Numerical Results In the numerical evaluation of the 
above expressions we consider the physical value Nc = 3, 
though our analysis refers to the large Nc limit. 

We display numerical results for a typical value of 
in = 450McV in figure [TJ This value of the constituent 
quark mass is large enough to provide dynamical bind- 
ing, i.e. E[Q] - E[0] < N c m. The soliton is localized 
in the regime r < 2/m. Outside that regime the conden- 
sate equals that of the meson sector, i.e., the non-zero 
translationally invariant vacuum result. We observe fi- 
nite size effects as mitigations of the condensate far away 
from the soliton. Obviously the region of deviation from 
the non-zero vacuum value decreases as the (unphysical) 
system size is increased. Definitely, this analysis shows 
that the mitigation at large distances is a mere artifact of 
the numerical procedure that makes no statement about 
the actual behavior of the condensate. 

As seen from figure [5] inside the soliton regime the con- 
densate is dominated by the valence quark contribution. 
This contribution actually over-compensates the vacuum 
result, which indeed tends to increase (in magnitude) in 
region of the baryon. This is a clear indication that 
it is actually the in-hadron region, where the conden- 
sates are modified by the interactions that bind quark 
to hadrons. On the contrary the hadronless regime pos- 
sesses constant non-zero condensates as the comparison 
with baryon charge density clearly demonstrates. The 
condensate persists in areas of zero charge density but is 
distorted in the domain of the hadron. This reverses the 
conjecture of refs. [HQ. 

In the sprit of refs. [H, 0] one might challenge this 
model for its lack of confinement. As far as the existence 



discrel ized bftsi 




FIG. 1. Total scalar condensate, eq. (|16[1 as a function of the 
distance from the center of the soliton. The dashed line indicates 
the vacuum/meson values for the condensate, eq. ([9|). Dimen- 
sions are measured in appropriate powers of the constituent quark 
mass, m = 450MeV. The inserts illuminate finite size effects by 
varying the scale D at which the eigenstates are discretized. 




This subtraction is reminiscent of Ao in eq. JSJ. 



FIG. 2. Separation of quark condensate in valence and vacuum 
contributions according to eq. (|16p . The dotted line is the baryon 
charge density. 



of asymptotic quark states concerns, confinement is in- 
deed lacking. Note however, that matrix elements of any 
non-singlet color operator vanish (by averaging) in the 
model. In addition to the above observed non-correlation 
between baryon charge density and condensate this sug- 
gests that confinement is not essential for the existence 
of condensates. It is generally accepted that confinement 
is due to the gluon sector of QCD, while chiral symme- 
try breaking is due to the interaction between the quarks 
(mediated by the gluons). 
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CONCLUSION 

We have explained that recent interpretations of QCD 
condensates being "in-hadron" quantities contradict the 
phenomenology of low-energy strong interactions. Fur- 
thermore we have presented a model calculation for the 
quark condensate that strongly supports the understand- 
ing that these condensates are vacuum properties that 
are significantly distorted or reduced in hadrons. We re- 
call that this picture is fully affirmed by lattice QCD 
measurements of the quark condensate in the presence of 
static sources [iH ]. 

Refs [l|, [H suggest that the in-hadron nature of con- 
densates were due to QCD being a confining theory, a 
property not manifest in our model calculation. Yet the 
explicit formulas in those papers do not reveal the spe- 
cific role of confinement. To a large extend ref. Q re- 
lies on relations between matrix elements of QCD opera- 
tors, the QCD vacuum and a momentum eigenstate with 
pion quantum numbers. These relations result from chi- 
ral symmetry and are also valid in our model. In ref [l| 
the finite range of the hadron wave-function in the light 
front formulation is crucial. While there is no straight- 
forward relation between light-front and instantaneous 
wave-functions (l9j |. the current model calculation docs 
not indicate that the range of the quark condensate is re- 
lated to that of the nucleon wave-function (represented 
by the baryon density). 

Apparently the subtle puzzle of the too large contri- 
bution from condensates to the cosmological constant re- 
mains. We note, however, that the non-zero condensates 
are quantum effects, as is the zero point energy contribu- 
tion to the cosmological constant. This suggests that any 
solution to the puzzle ultimately requires a consistent for- 
mulation of quantum gravity rather than reinterpreting 
entries of the classical energy momentum tensor. 
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